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Abstract By introducing the nonlinear effects that arise from Kerr medium, we theoreti-
cally study the nonlinear effect and the entanglement between two atoms in two coupled
cavities. We give out the process of dynamic stability and solve the eigen problem of the
system under high-intensive fields. The dynamics of the two coupled cavity with high-
intensity fields inside is also studied numerically, the effects of atom-field coupling on the
self-trapping as well as on the entanglement are also analyzed and discussed. In vacuum and
high-intensity fields we calculate the concurrence of the two atoms in both theoretical and
realistic situation, and discuss the nonlinear effect on the atomic entanglement. The result
shows that the nonlinear interaction can play a controlling role in entangling two atoms.

Keywords Cavity-QED · Kerr medium · Coupled-cavity array · Entanglement · Nonlinear
effect

1 Introduction

As an important development of quantum electrodynamics (QED), cavity-QED has played a
central role in quantum-information processing (QIP) [1, 2]. Photons and atoms are coupled
together in the presence of some macroscopic bodies, like mirrors (metallic or dielectric),
cavity walls or waveguides, which can provide good separation between the system and en-
vironment. One of the applications of cavity QED in QIP is coupled cavity arrays (CCAs),
in which quantum information can distributed through the system by the photons located
in each cavity. Compared with the usual waveguide, CCAs have several interesting poten-
tial applications, such as QIP and simulations of quantum strongly correlated many-body
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systems. Recently, considerable theoretical investigations have been carried out to imple-
ment quantum state transfer [1, 3–5], entanglement generation [3, 6–8], and two-qubit gates
[9, 10] by using a CCAs.

Nonlinearity is usually introduced to quantum systems due to mean field treatment of
many-body model and/or system-environment couplings. The former has been widely dis-
cussed in Bose-Einstein condensates (BECs) which quantum properties have attracted con-
siderable interest since 1995. The quantum dynamics of an atom BEC in a double-well po-
tential was studied in [11]. Micheli et al. [12] have discussed the creation of many-particle
entangled states of a two-component BEC. The phenomenon of coherent destruction of tun-
neling is discussed in [13]. When properly chosen initial conditions, [11–15] predicted and
studied an interesting feature known as self-trapping (introduced by Landau [16]). This
feature can be observed in quantum optics system with Kerr medium [17]. Recently the
Kerr medium has been implemented in movable micro-mirror [18] and nanomechanical
resonators [19], and its effect on the evolution of Wigner function of quantum states was
discussed in [20].

In the present paper, we shall examine the entanglement between two two-level atoms
contained in a coupled-cavity array. Nonlinear effects arising from Kerr medium in cavi-
ties are taken into account. We calculate the concurrence of the two atoms in both vacuum
and high-intensity fields, and thus discuss the nonlinear effect on the atomic entanglement,
which shows different fields of atomic entanglement compared with the linear system. The
paper is organized as follows. In Sect. 2 we present a general formulism for the coupled-
cavity array. By the static analysis, the dynamic stability process and dressed states under
high intensive fields are given in Sect. 3. In Sect. 4, we give a numerical simulation for
the dynamics of the coupled-cavity array system with high-intensity fields to analyze the
nonlinear effect. In both theoretical and realistic situation, the atomic entanglement is calcu-
lated and discussed in vacuum and high-intensity fields case in Sect. 5. Finally, a summary
of results is presented and discussed in Sect. 6.

2 Formalism

The setup we shall study is introduced in Fig. 1, where we consider the system consists of
two coupled cavities with frequency ω, each containing a two-level system with Rabi fre-
quency �. The interaction between atom and cavity is described by the Jaynes-Cummings
model (under the Rotating Wave Approximation). Photons can tunnel between the two cavi-
ties with a rate A. We ignore the cavity decay and atomic spontaneous emission (which will
be discussed in Sect. 5). The linear Hamiltonian therefore can be written as

Hl =
2∑

j=1

[
�|e〉j 〈e| + ωa

†
j aj + J (ajσ

+
j + a

†
j σ

−
j )
]
+ A(a

†
1a2 + a

†
2a1), (1)

Fig. 1 (Color online) Schematic
illustration of the coupled-cavity
system,which consists of two
coupled cavities. Each cavity
contains a two-level atom.
Photon hopping can occur
between the cavities
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where a
†
j and aj are the creation and annihilation operators of the j th cavity respectively.

σ+
j and σ−

j are the atomic spin flip operators for the j th cavity. |e〉j and |g〉j represent the
ground and excited states of the atom in the j th cavity respectively. J describes the atom-
cavity coupling strength, and A is the hopping strength between cavities. Compared with
previous works [3], we introduce the influence of nonlinearity on the transparent properties
of photons in the coupled-cavity.

In nonlinear optics, the Kerr medium can be described by expanding the polarization as
a power series in the field amplitude as

P = χ(1) · E + χ(2) : EE + χ(3)
...EEE + · · · , (2)

where χ(n) is a (n + 1)th rank susceptibility tensor and · denotes the tensor product. For
single-mode electric field, if we expanding the series to third order and neglect the term in
χ(2) for lacking phase matching, the Hamiltonian of the field becomes [21]

H = :
∫

d3r
{ |B|2

2μ0
+ E

[
1

2
(ε0 + χ(1))E + 1

4
χ(3)EEE

]}
:, (3)

where : : denotes normal ordering. If we quantize the field, the Hamiltonian in the form of
second quantization can be written as [22, 23]

H = ωa†a + g(a
†
j aj )

2, (4)

where ω is the frequency of the field, and the coupling to the Kerr medium modeled by an
anharmonic oscillator of strength g which determined by χ(3). Hence, taking nonlinearity
into account, the linear Hamiltonian in (1) becomes

H = Hl + g

2∑

j=1

(a
†
j aj )

2. (5)

In order to investigate the effect of the nonlinearity introduced in (5), we also consider the
situation with very high field intensities where the classical part of quantities are domi-
nant. We can therefore treat physical quantities as classical value and quantum fluctuations,
namely decompose every operator as its average value plus a small fluctuation. In our model,
this yields

aj = αj + δaj ,
(6)

σ+,−,z = 〈σ+,−,z〉 + δσ+,−,z,

where αj = 〈aj 〉 and j = 1,2. Substituting (6) into the Heisenberg equation i� ∂F
∂t

= [F,H ],
we obtain the following equations for average values,

i�α̇1 = ωα1 + J 〈σ−
1 〉 + Aα2 + 2g|α1|2α1,

i�α̇2 = ωα2 + J 〈σ−
2 〉 + Aα1 + 2g|α2|2α2,

i�〈σ̇−
j 〉 = �〈σ−

j 〉 − Jαj 〈σ z
j 〉, (7)

i�〈σ̇ z
j 〉 = −2Jα∗

j 〈σ−
j 〉 + 2Jαj 〈σ+

j 〉,
i�〈σ̇+

j 〉 = −�〈σ+
j 〉 + Jα∗

j 〈σ z
j 〉,
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and the equations for fluctuations,

i�
∂

∂t
δa1 = ωδa1 + Jδσ−

1 + Aδa2 + 4g|α1|2δa1 + 2gα2
1δa

†
1,

i�
∂

∂t
δa2 = ωδa2 + Jδσ−

2 + Aδa1 + 4g|α2|2δa2 + 2gα2
2δa

†
2,

(8)

i�
∂

∂t
δσ−

j = �δσ−
j − Jαj δσ

z
j − Jδaj 〈σ z

j 〉,

i�
∂

∂t
δσ z

j = −2J (δa
†
j 〈σ−

j 〉 − αjδσ
+
j + α∗

j δσ
−
j − δaj 〈σ+

j 〉).

We find that the Hamiltonian in (5) and the motion equations (7) are familiar to us. If we
remove the atoms from the two cavities, the Hamiltonian will be

H =
2∑

j=1

[
ωa

†
j aj + g(a

†
j aj )

2
]
+ A(a

†
1a2 + a

†
2a1) (9)

which takes the same form as the Hamiltonian describing the BECs in a double-well poten-
tial [11], and the motion equations

i�α̇j = ωα1 + Aα3−j + 2g|αj |2αj (j = 1,2) (10)

are just the discrete self-trapping equation (DST) [24] of the double-well potential system.
With the atoms involved, (7) can also show some of the same features of the DST equation
and some different effects caused by the atoms, which we will discussed in Sect. 4.

In deriving (7) and (8), we have separated the contributions of average value from those
of fluctuations. The dynamical stability of the system can be obtained by (8), we will present
the details in next section.

3 Static Analysis

To analyze the linear stability of the system, we first consider the steady-state solu-
tions of (7) which can be obtained by setting the left hand of (7) to zero. By 〈�σj 〉2 =
4|〈σ−

j 〉|2 + |〈σ z
j 〉|2 = 1, we get

〈σ z
j 〉 = ±�√

�2 + 4J 2|αj |2
,

(11)

〈σ−
j 〉 = ±Jαj√

�2 + 4J 2|αj |2
.

Substituting (11) into the steady-state equation, we find a cubic equation for I = |α|2

16g2J 2I 3 + 4g[g�2 + 4J 2(ω − A)]I 2 + 4(ω − A)[g�2 + J 2(ω − A)]I
+ (ω − A)2�2 − J 4 = 0, (12)
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where we set |α1|2 = |α2|2 = |α|2 �= 0 and α1 = −α2 = α by using the symmetry of the
equations. The steady-state solution given by the real root of (12) can be obtained as

I = {B + [g�2−2J 2(ω−A)]2
B

− [g�2 + 4J 2(ω − A)]}
12gJ 2

, (13)

where

B = (
√

[2J 2(ω − A) − g�2]3 + 27gJ 8 + 3
√

3gJ 4)2/3. (14)

Thus, we can get all the steady-state solutions by substituting it into (11). With the steady-
state solutions, we can linearize the equation of motion by using (8) which can be written in
matrix form as

dδ �V = Mδ �V dt, (15)

where δ �V = [δa1,δa
†
1,δa2,δa

†
2,δσ1−,δσ1+,δσ2−,δσ2+,δσ1z,δσ2z]T , and M is

M =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−i(ω + 4g|α|2) −2igα2 −iA 0 −iJ

2igα∗2 i(ω + 4g|α|2) 0 iA 0
−iA 0 −i(ω + 4g|α|2) −2igα2 0

0 iA 2igα∗2 i(ω + 4g|α|2) 0
iJ 〈σ1z〉 0 0 0 −i�

0 −iJ 〈σ1z〉 0 0 0
0 0 iJ 〈σ2z〉 0 0
0 0 0 −iJ 〈σ2z〉 0

−2iJ 〈σ1+〉 2iJ 〈σ1−〉 0 0 2iJα∗
0 0 −2iJ 〈σ2+〉 2iJ 〈σ2−〉 0

0 0 0 0 0
iJ 0 0 0 0
0 −iJ 0 0 0
0 0 iJ 0 0
0 0 0 iJα 0
i� 0 0 −iJα∗ 0
0 −i� 0 0 −iJα

0 0 i� 0 iJα∗
−2iJα 0 0 0 0

0 −2iJα∗ 2iJα 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (16)

where we have taken � = 1. The linear stability depends on whether the eigenvalues of the
matrix M having non-positive real part. Although the solutions of the eigenvalues are rather
complicated, we can still find some properties of the eigenvalues λ:

λ1,2 = 0, λ3 = −λ4, λ5 = −λ6, λ7 = −λ8, λ9 = −λ10, (17)

and if we take the high coupling limit (J is very large), the eigenvalues can be simplified to

λ1,2 = 0,

λ3,4 = ±
√

−2|α|2R+ − 2|α|
√

|α|2R2− − 6gJ 2,
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λ5,6 = ±
√

−2|α|2R+ + 2|α|
√

|α|2R2− − 6gJ 2,

λ7,8 = ±
√

2|α|2R− − 2|α|
√

|α|2R2+ − 6gJ 2, (18)

λ9,10 = ±
√

2|α|2R− + 2|α|
√

|α|2R2+ − 6gJ 2,

where R± = J 2 ± 3g2α2. From the discussion above, we find that the eigenvalues of M

are five pairs of contrary number, so if λ are not all zero, at least one eigenvalue will have
positive real part. It means the steady-state solutions are unstable except |α| = 〈σ−

j 〉 = 0,
〈σ z

j 〉 = 1.
Next we turn to the eigen problem of the Hamiltonian in (5). In strong fields limitation,

we can treat the fields as classic quantities. Thus the Hamiltonian can be approximated to

H =
2∑

j=1

[
�|e〉j 〈e| + J (αjσj− + α∗

j σj+)
]+ E0, (19)

where

E0 =
2∑

j=1

(
ω|αj |2 + g|αj |4

)+ A(α∗
1α2 + α∗

2α1). (20)

Therefore the atomic states {|ee〉, |eg〉, |ge〉, |gg〉} can form a complete basis, and we can
give out the eigenvalues of the Hamiltonian and the eigenstates in the form of dressed states
(unnormalized)

E1 = −1

2
(F1 + F2) + E0, φ1 =

⎡

⎢⎢⎢⎣

− F1
2Jα1

F1(F2+2�)

4J 2α1α∗
2

1
−F2+2�

2Jα∗
2

⎤

⎥⎥⎥⎦ ,

E2 = � + 1

2
(F1 − F2) + E0, φ2 =

⎡

⎢⎢⎢⎣

F1+2�

2Jα1

− (F1+2�)(F2+2�)

4J 2α1α∗
2

1
− F2

2Jα∗
2

⎤

⎥⎥⎥⎦ ,

(21)

E3 = � + 1

2
(F2 − F1) + E0, φ3 =

⎡

⎢⎢⎢⎣

− F1
2Jα1− F1F2

4J 2α1α∗
2

1
F2

2Jα∗
2

⎤

⎥⎥⎥⎦ ,

E4 = 2� + 1

2
(F1 + F2) + E0, φ4 =

⎡

⎢⎢⎢⎣

F1+2�

2Jα1
(F1+2�)F2

4J 2α1α∗
2

1
F2

2Jα∗
2

⎤

⎥⎥⎥⎦ ,
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where

Fj =
√

�2 + 4J 2|αj |2 − � (j = 1,2). (22)

We can find that the eigenenergy can be separated into two parts: one is the non-interaction
energy of the atoms and fields, the other is the interaction energy determined by F1 and F2.
Without the atom-field interaction (J = 0), E2 and E3 will degenerate to one energy level,
and the energy levels will share same span �. So in case of |α1|2 �= |α2|2, the interaction
energy can “break” the degenerate of E2 and E3. But if the two fields have same intensities:
|α1|2 = |α2|2, the eigenstates of the system will degenerate again. In this case, the degen-
erate energy level will no longer contain interaction part, and the energy level span will be
enlarged to � + F1 + F2. Correspondingly, the nonlinear terms cannot influence spans be-
tween energy levels and eigenvectors in strong field situation, but the nonlinear energy plays
a dominant role in eigenenergy for high field intensities.

4 Dynamics

To get further insight on the nonlinear effect on the exchange of photons between the two
cavities, we calculate the dynamics of the system by numerical solution of (7). In this aspect,

we first notice the conservation of the total excitation number NT =∑2
j=1(|e〉j 〈e| + a

†
j aj ).

We can thus normalize the atoms and photons by using the relation |e〉j 〈e|+ |g〉j 〈g| = 1 and
Nphoton = NT −∑2

j=1 |e〉j 〈e| respectively, where Nphoton is the total photon number in the
two cavities, we decompose σz into σe ≡ |e〉〈e| and σg ≡ |g〉〈g| by 〈σ̇e〉 = −〈σ̇g〉 = 〈σ̇z〉/2.
This leads to a new set of coupled equations from (7). We plot the time evolution of photon
numbers in the two cavities in Figs. 2 and 3. The initial state is chosen to be |e〉1|g〉2|10,0〉.
Figure 2 shows the effect of the nonlinear coupling on the photon number |α|2 in each
cavity with g = 0,0.205ω,0.21ω and ω/2, respectively. From Figs. 2(b) and (c) we can find
that, when g exceed a certain value, the fluctuation ranges of the photon numbers diminish
significantly, leading to the self-trapping for photons. If g is large enough the fluctuation of
photon number will tend to be zero as shown in Fig. 2(d). It means the nonlinear effect not

Fig. 2 (Color online) Time
evolution of photon number in
1th cavity (red and thin line) and
2th cavity (blue and think line).
The parameters are
Nm = 10,Nn = 0, � = ω,
A = ω, J = ω/2. (a) g = 0,

(b) g = 0.205ω, (c) g = 0.21ω,

and (d) g = ω/2
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Fig. 3 (Color online) The same
dynamics of photon number as
Fig. 2 with the parameters
Nm = 10,Nn = 0, � = ω,
A = ω, g = 0.20ω. (a) J = 0,

(b) J = 0.0668ω,

(c) J = 0.0669ω, and
(d) J = ω/2

only block the exchange between the two cavities, but also “froze” the photon number in
each cavity. Figure 3 shows that for different atom-field interaction strengthes, the critical
point of self-trapping shifts. Figure 3(a) illustrates the photon numbers without atom-field
interaction, the Hamiltonian in (5) has the same for as the Hamiltonian of BECs in a double-
well potential [15], which yields a critical point for self-trapping g = 2A/Nphoton = 0.2ω.
The self-trapping of photons occurs. From Figs. 3(b), (c) and (d), we find the atom-field
interaction depress the self-trapping of photons, and therefore shifts its critical point. It can
be explained that the photon-atom coupling makes an influence on the self-trapping.

From the dynamics discussed above, we can find these phenomena: with high field inten-
sities, when the nonlinear coupling strength g reach a critical point, the fluctuations of the
photon numbers of the two cavities suddenly decreased, this is the self-trapping for photons.
As g continues to increases, the photon number fluctuations become smaller and smaller.
When g is large enough, the photon numbers of the two cavities remains unchanged. Since
both of the atom-field and field-field interaction are blocked in high g limit due to photon
self-trapping, the entanglement between the two atoms will be conserved which we will
present in next section. We also found the atom-field interaction can influence the photon
self-tapping, the stronger the coupling is, the larger the nonlinear interaction strength is re-
quired for self-trapping to occur.

5 Entanglement

Now, we investigate the nonlinear effect on the entanglement between the two atoms. First
we consider the situation that each field is initially in the vacuum state. To study the entan-
glement between the two atoms we choose the initial state of the entire system as

|ψ(0)〉 = (cos θ |e〉1|g〉2 + sin θ |g〉1|e〉2)|00〉, (23)

where |00〉 is the vacuum states of the two fields, which can be prepared by the similar
method in [25, 26], and the atomic state cos θ |e〉1|g〉2 +sin θ |g〉1|e〉2 is an arbitrary entangled
states of the two atoms determined by different θ . We can previously couple the two atoms
through a high quality single-mode cavity to produce a two-qubit gate U(θ) [27] and apply
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this gate directly to the untangled state |eg〉 to prepare such a state, then put the two atoms
into the two cavities respectively. Since the system is restricted to one-excitation subspace,
its state at time t can thus be written as

|ψ1(t)〉 = c1(t)|g〉1|g〉2|10〉 + c2(t)|g〉1|g〉2|01〉
+ c3(t)|e〉1|g〉2|00〉 + c4(t)|g〉1|e〉2|00〉. (24)

For the initial state given in (23), the coefficients c1(0) = c2(0) = 0, c3(0) = cos θ and
c4(0) = sin θ . By introducing delocalized modes

Cj(t) ≡ c1(t) + (−1)j c2(t),
(25)

Dj(t) ≡ c3(t) + (−1)j c4(t), (j = 1,2),

and substituting them into the Schrödinger equation, (24) can be solved exactly

Cj(t) = e−i(�−�j /2)t

[
Cj(0) cos(κj t) + i

κj

(
�j

2
Cj(0) − JDj(0)

)
sin(κj t)

]
,

(26)

Dj(t) = e−i(�−�j /2)t

[
Dj(0) cos(κj t) − i

κj

(
�j

2
Dj(0) + JCj (0)

)
sin(κj t)

]
,

where

κj =
√(

�j

2

)2

+ J 2,

(27)
�j = � − (−1)jA − g, � = � − ω.

The total density operator is denoted by ρT = |ψ〉〈ψ |. The reduced density operator for the
atoms can be obtained by tracing out the field modes

ρa =

⎛

⎜⎜⎝

0 0 0 0
0 |c3|2 c3c

∗
4 0

0 c4c
∗
3 |c4|2 0

0 0 0 |c1|2 + |c2|2

⎞

⎟⎟⎠ . (28)

The concurrence [28] of the atoms is thus given by

C(t) = 2|c3(t)| · |c4(t)| = 1

2
|D2

2(t) − D2
1(t)|, (29)

C is a complicated function of time, however, when we consider the large nonlinear limit
(g � {J,�,A}), (29) can be simplified to

C(t) =
√

1 − cos2 2θ cos2(κ1 − κ2 + A)t, (30)

which denotes the concurrence is oscillating from C(0) = | sin(2θ)| to 1 with a frequency
2(κ1 + κ2 + A).

For large nonlinear coupling strength , the concurrence C evolves like an Absolute sine
function in area [C(0),1] with a frequency 2(κ1 − κ2 + A). This means without populating
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the fields, the maximum entanglement with different initial states can always generated at
time π/[2(κ1 − κ2 + A)], and keep the entanglement no smaller than that at the initial time.
Furthermore, it is possible to make a perfect state transfer in high g limit, as suggested in [3].
By (26), for an initial state |e〉1|g〉2|00〉, when g � {J,�,A}, the perfect state transfer will
occur at times T = nπ/(κ2 − κ1 + A), (n ∈ N).

From (26) and (27), we can find that, the nonlinear coupling strength g acts as a new
detuning, the large g limit is equal to the large detuning limit, the nonlinear effect is not
obvious.

Next we consider the high field intensities situation, we will find the nonlinear effect
plays a notable role on the evolution of the concurrence. The initial state of the system is set
to be

|ψ(0)〉 = (cos θ |e〉1|g〉2 + sin θ |g〉1|e〉2)|NmNn〉, (31)

where |NmNn〉 is the Fock state of the two fields and the total excitation number NT =
Nm + Nn + 1 is conserved. The state of the system at time t is thus given as

|ψ(t)〉 =
∑

ijmn

cijmn|ijmn〉, (32)

where i, j = 0,1, |0〉 ≡ |g〉, |1〉 ≡ |e〉, m,n is the photon number of the cavity 1 and 2 re-
spectively, and |mn〉 is the Fock state of the system. The sum is under the restriction of
i + j + m + n = NT . As discussed above, by solving the Schrödinger equation, we obtain a
set of differential equations for the coefficient cijmn

i�ċijmn = [�(i + j) + ω(m + n) + g(m2 + n2)
]
cijmn

+ A
[√

(m + 1)ncijm+1n−1 +√m(n + 1)cijm−1n+1

]

+ J
[
i
√

m + 1ci−1jm+1n + j
√

n + 1cij−1mn+1

+ (1 − i)
√

mci+1jm−1n + (1 − j)
√

ncij+1mn−1

]
. (33)

The density matrix for the atoms can be written as

ρa =
∑

i′j ′ij
di′j ′ij |i ′j ′〉〈ij | =

⎛

⎜⎜⎝

d0000 0 0 0
0 d0101 d0110 0
0 d∗

0110 d1010 0
0 0 0 d1111

⎞

⎟⎟⎠ , (34)

where

di′j ′ij =
∑

mn

ci′j ′mnc
∗
ijmn, (35)

the sum is under the restriction of i + j + m + n = i ′ + j ′ + m + n = NT . From the equa-
tions above, we have performed extensive numerical calculations for the concurrence C, and
present the result in Fig. 4.

Figure 4 shows the time evolution of the concurrence with θ = π/4. We find the con-
currence tend to be a constant, as the nonlinear interaction strength g increase, which is
different from the case with low field intensities. With this technique, it is possible to stor-
age the entanglement. The phenomenon is not only for θ = π/4. No matter how large the
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Fig. 4 (Color online) Time
dependence of concurrence of the
two atoms. The parameters are
Nm = 10, Nn = 0, θ = π/4,
� = ω, A = ω,J = ω/2. (a)
g = 0, (b) g = ω/4, (c) g = ω/2,

(d) g = 3ω/4, (e) g = ω, and
(f) g = 5ω

Fig. 5 (Color online) The same
dynamics of concurrence as
Fig. 4 with different parameters
θ = π/6, g = 5ω. (a) Nm = 0,

(b) Nm = 1, (c) Nm = 2,

(d) Nm = 4, (e) Nm = 6, and
(f) Nm = 10

initial entanglement is, the concurrence will always tend to constant with high nonlinear
interaction. Thus, the same phenomena will not be presented here.

Figure 5 shows the same dynamics of concurrence as Fig. (4) with θ = π/6 and different
photon numbers. Figure 5(a) illustrates the concurrence C in vacuum field, and Figs. 5(b),
(c), (d), (e) and (f) show the effect of nonlinear coupling on the concurrence with photon
number Nm = 1,2,4,6 and 10, respectively. We can find that as Nm increasing, the evolution
of concurrence tends to a straight line, the nonlinear effect arises.

The phenomena we discussed above can be understood by examining the Hamiltonian
in (5), from which we can find that the evolution of entanglement between the two atoms is
determined by two parts: one is the interaction between atom and field in each cavity with
strength J , the other is the photon exchange between the two cavities with strength A. As we
discussed in the previous section, the nonlinear effect can block the photon transfer between
the two cavities with strong nonlinearity, much the same as the self-trapping for BECs in a
double-well potential. Therefore, the entanglement can be always kept at the same level as
initial.

Now we consider a more realistic model in which we take cavity decay and atomic spon-
taneous emission into consideration. If no photon is detected, the Hamiltonian in (5) can be
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Fig. 6 (Color online) Time
dependence of concurrence with
cavity decay and atomic
spontaneous emission. The
parameters are Nm = 10,
Nn = 0, θ = π/4, � = ω, A = ω,
J = ω/2, γ = 0.005ω,
η = 0.005ω, and g take different
values

conditionally written as

H ′ = Hl + g

2∑

j=1

(a
†
j aj )

2 −
2∑

j=1

(
iγ |e〉j 〈e| + iηa

†
j aj

)
, (36)

where γ and η are the decay rates of atoms and fields, respectively. The concurrence of the
two atoms can still be numerically calculated from the density matrix in (29) and (34) by
taking the transform: � → � − iγ , ω → ω − iη. From (26), (27) and (29), we can find that
the concurrence will decay with time exponentially in the vacuum field situation, and the
nonlinear strength has no effect on decay. In the high field intensities situation, we can still
calculate the density matrix in (34) numerically, and present the result in Fig. 6.

From Fig. 6 we can see that the time evolution of the concurrence with θ = π/4 with
cavity decay and atomic spontaneous emission. The red dash line illustrates the situation
without nonlinear effect, the concurrence rapidly decay to zero. With the nonlinear effect,
we find that as the nonlinear strength g increase, the decay of the concurrence gradually
slow down, i.e. the nonlinear effects can depress the entanglement decay.

6 Conclusion

In summary , we have studied theoretically the influence of nonlinearity on the entanglement
between two atoms in two coupled cavities. We have made static analysis of the system and
gave out the process of dynamic stability analysis. The eigen problem has also been solved.
To give an intuitive view, we also numerically simulated the dynamics of the system. We
found the following features. (1) When the nonlinear interacting strength g reaches a critical
value, the self-trapping phenomenon occurs. (2) In the presence of self-trapping, the larger
g is, the smaller the photon numbers fluctuate. (3) The atom-field interaction affects the
self-trapping a lot, in particular at the critical point. The concurrence that measures the
entanglement was calculated and discussed. We have shown that the nonlinear strength can
play a controlling role in entangling the atoms. For cavities with vacuum fields inside, we
found the nonlinearity characterized by g plays a role similar to the detuning. It means
we can use this mechanism to generate maximum entangled state, and make perfect state
transfer between the two atoms without populating the field. When field intensity is very
high, the evolution of the concurrence tends to be a constant, indicating that entanglement
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is conserved in this situation. This phenomenon is due to the blockade of photon transfer
between the two cavities.
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